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This project built on previous research showing that insufficient numbers of children reach expected levels

of achievement in mathematics. Maori, Pasifika, and students from lower decile schools are particularly
disadvantaged. Young children should be given equitable opportunities to develop their mathematical thinking,
particularly in all strategy domains of the New Zealand Number Framework. These include not only addition
and subtraction (the predominant focus in junior classes), but also multiplication, division, and fractions.

This project aimed to provide children with learning opportunities and challenges within the context of
multiplication and division, with the goal of developing greater understanding of part-whole relationships in
mathematics.

The research question posed was:

How do learning experiences using multiplication and division contexts help young children develop understanding
of part-whole relationships in mathematics?

The project used a design study and was undertaken as a partnership between researchers and practitioners.
Together, we developed a mathematics programme focused on enhancing the development of young children’s
part-whole thinking, using multiplication and division problem-solving contexts. A variety of data collection
methods was used. These included semistructured interviews with teachers, individual diagnostic task-based
interviews with the children, observations including video-recorded accounts of classroom activities during the
teaching, children’s individual project books, and modelling books. Researchers and teachers also kept reflective
journals.

The participants in the study were from a culturally diverse decile 5 urban school. There were two teachers in
the first year of the study (Years 1 and 2) and in the second year, four teachers (with additional funding from
the school and university for two of these teachers) from Years 1 to 3. The experience of the teachers ranged
from one year to 24 years. The participants in the first year were 15 Year 1 and 19 Year 2 children. In this group
there were 12 New Zealand European, eight New Zealand Maori, five Pasifika, four Asian, and five African
students. One-third of the group was English language learners. The participants in the second year were 35
Year 1, 24 Year 2, and 25 Year 3 children. This group consisted of 28 New Zealand European, 28 New Zealand
Maori, 8 Pasifika, 18 Asian, and two African. One-quarter of this cohort was English language learners. In both
years of the study, there were equal numbers of boys and girls.

The quantitative data from the children’s diagnostic interview were entered into a database for analysis using
the Statistical Package for the Social Sciences (SPSS). The qualitative data (interviews and classroom teaching
videos) were transcribed and entered into NVivo for coding and analysis.

The study began with the researchers and teachers sharing current understandings about the role of
multiplication and division contexts in developing part-whole relationships in mathematics. An individual
diagnostic task-based interview was developed by the researchers in conjunction with the teachers and teacher-
researcher. There was a variety of tasks focused on number knowledge, number operations, and interpretation
of representations for two-digit numbers.

In each year there were two dedicated four-week teaching blocks, one in May and the other approximately
three months later. The researchers and teachers designed the instructional word problems and selected
material to support children’s learning. This material included pairs of baby socks, Unifix blocks, egg cartons,
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card material for groups of two and five (e.g., five candles on a cake, jeeps with five wheels). Each teaching
session began with a problem to be shared by the whole class, and solution strategies (including how the
children used materials) were recorded by the teacher in a class modelling book (Figure 1). The Year 3 teacher
used the interactive whiteboard as an e-modelling book.
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Figure 1. Year 1 modelling book (left) and Year 3 interactive whiteboard as an e-modelling book

The children then worked on a similar problem in their project books and chose appropriate numbers to
work with. The empty brackets meant students could also self-select a more challenging number for the day’s

problem (Figure 2).

There are 15 [17] socks in the basket
How many pairs can we make?

Figure 2. Example of Year 1 child’s project book showing division into groups of two with remainder (odd
numbers)

The problems were scaffolded beginning with multiplication and groups of two, then five.

Seven children each have a pair of gumboots. How many gumboots are there altogether?

There are 4 cakes on the table. Each cake has 5 candles. How many candles are there altogether?
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These problems were followed by division into groups of two and groups of five. Two types of division problems
were used: firstly partitive, where objects are shared evenly among a given number of groups, and secondly
quotitive, where groups of a particular size are taken out from a larger quantity.

Mrs L has 10 lollipops. She shares them fairly between 2 children. How many lollipops does each child get? (Partitive
division)
There are 15 marbles. We put 5 marbles in each bag. How many bags of marbles are there? (Quotitive division)

We then introduced groups of ten (multiplication) and finally quotitive division into groups of ten (firstly whole
decades and then into tens with remainder) which led nicely to supporting place-value understanding (Figure 3).
There are 3 egg cartons. Each carton holds 10 eggs. How many eggs are there altogether? (Multiplication)

There are 20 chocolates. Each tray holds 10 chocolates. How many full trays are there? (Quotitive division, multiples
of 10)

There are 34 biscuits. Each packet holds 10 biscuits. How many full packets are there? (Quotitive division with

remainder)
There are 25 [S8] '_'-'-- | chocs. Each carton
holds 10 chocs. How many full cartons are
there?

Figure 3. Example of a Year 2 child’s work showing quotitive division task into groups of ten with remainder
(ones)

The lessons

A common lesson structure was followed in each class with the teachers leading the whole-class discussion,
and the researchers working alongside the teachers during the introduction of the problem and follow-up
phase where the children worked independently on parallel problems. The lesson usually began with teachers
spending five to ten minutes on a number knowledge warm-up activity. For example, Jo would roll a large
dice and each child would make a pattern on their paper plates with counters showing the number that was
‘one more’ the quantity displayed on the dice. We wanted children to learn to make connections between the
‘number just after’, ‘the number one more than’ and ‘the number plus one,” so their knowledge of sequence
became connected to concepts of quantity. In the Year 3 class, Jackie would use a place-value knowledge
warm-up activity on the interactive whiteboard (see www.dreambox.com/teachertools). The objective of the
number knowledge warm-up activities were to get children focused on the specific mathematical concepts,
to be working in the mathematics register (Lager, 2006), and to be using appropriate mathematics equipment
such as ten-frames.

In the next phase of the lesson, the day’s multiplication or division problem was introduced in a modelling
book (a large scrap book). If new material (e.g., socks, Unifix cubes) was introduced, there was a brief time
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of exploratory play before using it for instructional purposes. The children and their teacher read the word
problem together and particular words were highlighted (e.g., each, pair, altogether, groups of, full) and the
teacher discussed these words with the children to ensure that they understood the problem, both the context
of the problem and the arithmetic computation. We were very aware of the language needs of the children,
particularly the English language learners, and that words take on particular meanings in mathematics.

Children’s names, particular to each class, were often incorporated in the problems along with two characters
(Dog and Rabbit) who had been part of the initial diagnostic interview. The children collectively modelled a
solution to the problem. Materials were always available and reflected the context of the problem (e.g., pairs
of baby socks, egg cartons—two rows of five compartments). The teacher then selected children to model
the problem, and asked appropriate questions that encouraged children to focus on the actions used to solve
the problem. Other children were asked to revoice or describe the actions. As the children completed different
parts of the problem and offered ways of recording their thinking “like a mathematician”, the teacher recorded
these ideas as equations in the modelling book. Connections were made between operations; for example,
checking the multiplication using repeated addition, and checking the quotitive division using multiplication
(inverse operation), or repeated subtraction. The modelling book provided a summary of the class efforts (see
Figure 1), and sometimes a child’s name was put next to particular pictures or equations to acknowledge
individual contributions.

Each child had an individual project book with the day’s problem pasted in, ready for independent follow-up
work. This problem, with the same wording as the class problem, had different numbers, with a choice of

two numbers for each problem. In later problems, a space was provided (using [ ]) for children to insert their
own number. The children called this option the “mystery number”, and they mostly opted for numbers that
provided an appropriate level of challenge (see Figures 2 and 3). If the children needed materials to solve the
problem, these were readily available. The children worked independently at group tables on the day’s problem
and were encouraged to show their thinking in their project books using pictures and then equations. In each
lesson, children were encouraged to complete at least one, if not two problems.

The pre- and post-assessment data were used to generate these findings. The first set of findings is based

on assessment data gathered in 2013 from two individual interviews (n=35), one in April and the other in
October for Years 1 and 2 (see Appendix A). The second set of findings is from assessment data collected from
interviews in April and September in 2014 for Year 1 (n=35), Year 2 (n=24), and Year 3 (n=25) (see Appendix
B). Data for each type of task used in 2013 and 2014 were aggregated to create a score at the start and the
end of each year of the project, and effect sizes were calculated for the difference between initial and final data
(see Appendix C). An effect size is a standardised measure of difference. According to Hattie (2009), an effect
size greater than 0.60 signifies excellent progress for one year of schooling. Effect sizes were also calculated
separately for Year 2 and 3 at the beginning of 2014 using a comparison of project children with “contrast”
children who were new to the class (see Appendix D).

Progress of Year 1 and Year 2 in 2013

Children made progress in addition and subtraction after their work with multiplication and division (see
Appendix A). For example, there was improvement of approximately twice as many children who were
successful in solving 8 + 5 and 14 — 5 at the end of the project compared to the start. The children moved
from using a “counting all” strategy (reflected in a negative value) to more sophisticated strategies such as
“counting on” or “derived facts” (part-whole) strategies. The effect size for improvement on addition and
subtraction problem solving was 1.14, almost double the 0.60 magnitude that Hattie (2009) claims signifies
excellent progress for one year of schooling (see Appendix C). The improvement in proportion of children able
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to solve four groups of 5 bananas and three rows of 10 cupcakes also was close to double (effect size for
improvement in multiplication = 1.46). Again children moved away from “counting all” (a decrease) to “skip
counting” or “derived facts” strategies. Children made notable progress on several division tasks, including
halving a group of 4 beans, halving 8 beans, putting 10 socks into pairs, and sharing 8 pieces of chocolate
among 4 children (effect size for improvement in division = 2.56).

There was also a noticeable improvement in children’s recall of number facts, including the larger single-digit
doubles, apart from 5 + 5 which most children already knew. Other known facts that improved were 8 — 4,
10-5,5+4,7+7?=10and 2 + 8. Children’s knowledge of both 20 + 7 and 10 + 8 improved substantially
(effect size for improvement in known facts = 1.50). These items are important for place-value understanding
and the knowledge of how a multiple of ten is combined with a single-digit quantity. There was a similar
improvement in knowledge of the number of $10 notes needed to buy a toy costing $80 (effect size for
improvement in tens awareness = 1.52).

Number—-word sequences improved, such as counting to 100 by ones, by twos, by fives, and by tens (effect size
for improvement in skip counting = 1.32). There was greater awareness of pattern and structure as reflected in
the children’s drawings of a 2-by-2 window (effect size for improvement in structure tasks = 1.37).

Progress of Year 1, Year 2, and Year 3in 2014

In this section, we report the progress on selected tasks for each year level separately (see Appendix B). Children
made progress in addition and subtraction, but this varied according to the year level of the children. For
example, Year 1 children showed a substantial gain on 3 + 4, and Year 3 children made notable improvements
on 23 + 4. Much of the improvement in Year 3 children was because of an increase in those who used a
“derived fact” (part-whole) strategy to solve this problem. Year 3 children also made notable gains on 14 -5,
and even greater improvement on 42 + 30 (effect size for addition and subtraction was 0.77).

The Year 1 children made the greatest progress on the multiplication tasks. There was a fourfold increase in

the numbers who could successfully find the answer to six groups of 2 shells inside mini kete. This could be
explained by the improvement in using skip counting by twos or repeated addition to work out the answer.
Year 1 and Year 2 students both improved noticeably on four groups of 5, and although the improvement for
Year 3 was more modest, there was a substantial improvement in the proportion that used known or derived
facts to solve this problem. All three year-groups improved notably on solving three groups of 10 (effect size for
multiplication was 1.30). Similarly, there was a substantial increase in the proportions of students who could
divide 30 into groups of five and find half of a quantity (effect size for division was 1.05).

Year 1 and Year 2 children made considerable improvement in recall of known facts, particularly single-digit
doubles and 10 + 10. Other facts that greatly improved were those involving “plusone” 2+ 1,3+ 1, 1+ 9),
“plus two"” (5 + 2), and the combination of tens and ones, such as in 20 + 7 and 10 + 8. Year 3 children
made notable improvements in multiplication facts for groups of 5and 10 (2 x5, 2 x 10, 3x 10, 4 x 10) and
division into groups of 10 (60 + 10, 80 + 10). This improvement was also evident in the task asking how many
“bunches” of 10 sticks could be made from a bag containing 60 sticks. There was substantial improvement

in the numbers of Year 3 children who could divide 23 by 10 (division with remainder), and considerable
improvement in the number of children connecting the “2" in “24" with two groups of 10 objects, and
correctly made $31 quickly with $10 notes and $1 coins (effect size for tens awareness was 1.34).

All three year-groups improved markedly in counting by ones to at least 100. They also improved substantially
in their skip counting by twos, fives, and tens. Year 1 children made notable gains in “one more than” and
“one less than” relationships.

Subitizing multiples of 10 (two 5-dice, a ten-frame, and ten-frames combined with single dots) was an area of
substantial improvement, particularly for Year 1 children. The biggest improvement was in the ten-frame tasks.
For Year 3 children, the greatest improvement was on the two ten-frames combined with three single dots
(effect size for subitizing was 1.17).
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In 2014, for all task types (apart from number-line placement), the effect sizes were above 0.60. Six of the task
types, including subitizing, multiplication problem-solving strategies, division problem-solving strategies, recall
of known addition facts, tens awareness (place value), and skip counting, were greater than one standard
deviation, signifying an acceleration of at least two to three years of education (Hattie, 2009).

Effect of 2013 intervention at beginning of 2014 for Year 2 and Year 3 (project vs. contrast)

At the beginning of the second year of the project, students in the four classes were assessed for the purposes
of base-line assessment, and students from the previous year’s project who had moved into other classes were
also assessed (see Appendix D). This made it possible to assess the effect of the project in the previous year, as
all Year 2 and Year 3 students who were new to the project could be used as contrasts (equivalent to control
groups) for the students who had participated in the project in either Year 1 or Year 2 the previous year. We
used t-tests (a statistical test for the size of the difference) for each cluster of tasks at the Year 2 and Year 3
levels, and corresponding effect sizes calculated. Project children performed significantly better on the tasks for
“one less than” relations, subitizing, multiplication problem solving, division problem solving, tens awareness,
counting forwards and backwards in tens, subitizing ten-frames, and pattern and structure tasks. Effect sizes
for these tasks ranged from 0.84 to 1.39 standard deviations, showing that the effect of the project was
substantial (Hattie, 2009).

At the Year 3 level, there were significant differences for project children on subitizing, multiplication problem
solving, tens awareness, and subitizing ten-frames. Progressive Achievement Test data showed that on a written
test of mathematics, the Year 3 project children achieved slightly lower (though not significantly) than the
contrast children. This shows that the contrast children were not a less capable group in terms of mathematics
generally, and that using them as contrasts was legitimate. However, it is likely that some children had not had
the advantage of working with multiplication and quotitive division before the baseline assessment tasks were
given. Effect sizes for these task types ranged from 0.64 to 0.79, magnitudes that are in the moderate to large
range (Fan, 2001).

We acknowledge that during the period of time between the two assessments the children were continuing to
learn in mathematics lessons so we are not claiming that all progress can be attributed to this project. However,
the substantial improvements are noteworthy and the teachers and researchers believe that some credit can be
given to the effect of this project.

We examined the teacher interview data and video footage using key themes to explore both espoused and
observed changes in teacher knowledge and pedagogical practices at the start and end of the project. The
teachers developed high-leverage practices (Ball, Sleep, Boerst, & Bass, 2009) that included designing authentic
word problems, leading effective whole-class discussions, modelling, recording using a modelling book, and
developing independent and challenging follow-up problems. The teachers acknowledged their growth in
understanding about young children’s ability to work with “groups of”, especially when the contexts were
familiar and problems accessible. This focus on accessibility in terms of context and language was a regular
challenge for the whole research team. We used meaningful contexts (related to children’s interests, familiar
material, and current class topics) and provided opportunities for young children to work with large numbers.
All teachers (and researchers) appreciated the difficulty in writing concise problems using suitable language that
also matched the intended problem type (e.g., quotitive division).

Multiplication and division problems

Teachers reported a greater understanding about both multiplication and division. There was a shift from
talking about multiplication as “times” to “groups of” as they recognised how this better matched the
children’s modelling of problems. During initial teaching of division there was confusion between partitive and
guotitive division problems. However, by the end of the study, teachers confidently worked with both types of
division problems and could articulate the difference between equal share (partitive) and grouping (quotitive)

USING MULTIPLICATION AND DIVISION CONTEXTS TO ENHANCE YOUNG CHILDREN'S PART-WHOLE THINKING IN MATHEMATICS SUMMARY 7



division word problem. At times they felt that some children still confused the notions of “how many groups”
and “how many in each group”. There were also challenges when the children first learned about division; as
one teacher noted, “they tended to apply the same pattern and strategy of solving multiplication problems

to division problems”. However, as children came to understand the concept of “groups of”, both teachers
and children used multiplication more readily to check division. As one teacher explained, “some children are
beginning to use multiplication to prove their thinking with division ... so when we say ‘give us some evidence
or ‘prove it they understand the concept of ‘groups of’ and they are beginning to turn it around”.

’

The Year 1 teachers found it encouraging to see young children partitioning numbers and engaging in part—
whole thinking when it is commonly not expected of them at this level. Another teacher explained that she felt
her children were doing more “breaking up of numbers and putting them back together”. By the end of the
study, the Year 3 teacher felt that no children in her class were still counting in ones and that they were using
skip counting in a meaningful way.

Multiple representations

One change in pedagogical practice was to make more use of multiple representations in the mathematics
lessons. These included manipulatives, symbols, diagrams, and online resources. In every lesson the teachers
used manipulatives to support student learning in multiplication and division. These included number fans,
socks, picture cards (showing contextualised groups of twos, fives, and tens), ten-frames, hundreds boards,
egg cartons, and Unifix cubes. Most of the teachers showed greater confidence in supporting student learning
(using the modelling book) by encouraging multiple representations and accurate recording of student
learning using equations. Usually the teachers recorded in the modelling book and occasionally children

were called upon to record their thinking in the book. Student names were often recorded to show whose
strategy was recorded and this provided formative assessment data and also a record that students could

refer back to for supporting subsequent problem solving. Teachers encouraged children to “write equations
like a mathematician” and use the “x” and “+" symbols, and inverse operations for checking solutions. The
ten-frame became a key model and representation when working with groups of ten. Two teachers explicitly
taught children to draw a ten-frame and some children initially created a ten-frame by drawing five horizontal
lines in the rectangle, thus making 12 squares. In the Year 3 class, the children made the connection with tally
marks, where the four initial tally marks divides the rectangle into five units and the fifth line from the tally (the
horizontal) divides the rectangle into ten equal units. All teachers encouraged children to choose from a variety
of equipment (including that structured in groups of 10) to model solutions. Additionally, they were required
to record their thinking in individual project books using multiple representations, including drawings and
equations. This use of multiple representations enabled students to connect their knowledge and skills to the
new mathematical situations.

Learning environment

One teacher reported grappling with grouping and the legacy of the Numeracy Development Project to

group learners according to strategy stage. The teacher explained: “I couldn’t get my head around having
three or four groups, all working on a different strategy with different numbers”. As part of the project, the
teachers set up a routine where the class worked together on one problem each day, encouraged independent
thinking, and modelled recording in conjunction with the teacher-student and student-student interactions.
The teachers listened carefully to the children’s ideas, made decisions about whom to select to share thinking,
and led the children to think about multiplication as “groups of” and division (quotitive) as making equal-
sized groups of a particular size. Instead of grouping the children by ability, they all worked on a problem
differentiated in terms of the magnitude of the numbers. Manipulatives were readily available for children to
support their thinking and they recorded drawings and equations in their project books.

Implications and limitations

It is evident from this study that students benefitted from working with multiplication and division problem-
solving contexts. The findings show that young children recognise and can work with groups of items and
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count in twos, fives, and tens. This means that junior class teachers need to look beyond activities and
experiences emphasising counting in singletons (ones), and to also provide experiences with different groups of
guantities. This is supported by current research in Australia by Mulligan and Mitchelmore (2013) focusing on
the importance of pattern and structure and a move away from arithmetic thinking alone towards appreciating
the spatial dimension of number, and making connections across strands. The power of the quotitive division
problem cannot be underestimated. Constructing groups of ten enabled naturally occurring links to place value
through meaningful problems, instead of non-contextualised “bundling of tens” activities.

It takes time, resources, and commitment to sustain a study focused on improving student outcomes through
a change in teacher practice. In this study we were fortunate to have all of these. Considerable time was spent
designing instructional problems and preparing resource material. It was through our regular professional
discussions that we came to appreciate the complexity of the work but also how much we were questioning
current practices and the challenges presented by our objective. One teacher, in her reflection, offered the
following as ideas when considering the question: Where to next? She would like to repeat and refine the
project experience, incorporate more explicit teaching (e.g., recording on a ten-frame), make greater use of
differentiated problems, use flexible small-group teaching to support targeted children on specific concept and
skill development, explore children writing their own problems, and incorporate the reflection circle (borrowing
the strategy from written language) where children share their “aha” moments or what helped them solve the
problem when they had found it challenging.

One outcome of the study was an appreciation of the powerful links to place-value understanding. Together,
we want to explore these ideas further and build on current thinking in relation to pattern and structure. From
this study, we need to consider not only sustaining this work but building on these ideas and capitalising on the
power of generative change.

This study challenges prevailing and persistent views that young children in their first years of schooling
focus on number sequences and number knowledge up to 20, counting by ones, and the operations of
addition and subtraction. Providing children with the experience of constructing groups of ten was valuable
for helping strengthen place-value understanding and is consistent with literature claiming that place value
is inherently multiplicative (Bakker, van den Heuvel-Panhuizen, & Robitzsch, 2014). Many effect sizes for
aggregated task types were greater than one standard deviation, which according to Hattie (2009) corresponds
to an acceleration of between two and three years of schooling (based on an average effect of d = 0.20

to d = 0.40 per year for student achievement). The findings show how by providing young children with
learning opportunities and challenges within the context of multiplication and division, they develop greater
understanding of part-whole relationships in mathematics. This study demonstrates the power of practice-
based teacher education in raising mathematics achievement, particularly for priority learners.
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[Keynote address] in Proceedings of the Fifth Conference on Research in Mathematics Education: MEI 5, (pp. 33-51). St Patrick’s College,
Drumcondra, Dublin City University, Dublin, Ireland.

2015 Conference presentations and workshops

Bicknell, B., Young-Loveridge, J., & Simpson, J. (2015, March). Using division problem-solving contexts to build place-value understanding.
Workshop presented at the Primary Mathematics Association one-day seminar, Waipuna Conference Centre, Auckland.

Young-Loveridge, J., & Bicknell, B. (2015, June). Using multiplication and division contexts to build place-value understanding. Paper for the
TwentyThird International Congress of Mathematics Instruction (ICMI23): Primary Mathematics Study on Whole Numbers. Invitational
conference, Macau, China. 3-7 June, 2015.

Bicknell, B., & Young-Loveridge, J. (2015, June). Young children’s number line placements and place-value understanding. The 38th annual
conference of the Mathematics Education Research Group of Australasia, Sunshine Coast, 28 June-2 July 2015.

Young-Loveridge, J., & Bicknell, B. (2015, July). Using multiplication and quotitive division contexts to provide foundational place-value
understanding. Paper for the annual conference of the International Group for the Psychology of Mathematics Education (PME), Hobart,
Tasmania, 13-18 July, 2015.

Bicknell, B., & Young-Loveridge, J. (2015, August). Young children’s number line placements and place-value understanding. Paper for
International Symposium for Elementary Mathematics Teaching, Charles University, Prague, Czech Republic, 17-21 August, 2015.
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2014 Conference presentations and workshops

Young-Loveridge, J., & Bicknell, B. (2014, July). Supporting the development of number fact knowledge in five- and six-year-olds. Paper
presented at the 37th Annual Conference of the Mathematics Education Research Group of Australasia, Melbourne, Vic, Australia.

Young-Loveridge, J., & Bicknell, B. (2014, July). Developing young children’s understanding of place-value using multiplication and quotitive
division. Paper presented at the 38th Conference of the International Group for the Psychology of Mathematics Education (PME) and the
36th Conference of the North American Chapter of the Psychology of Mathematics Education, Vancouver, Canada.

Young-Loveridge, J., & Bicknell, B. (2014, July). Developing number fact knowledge for differing contexts. Paper presented at the Science,
Technology, Engineering, Mathematics (STEM) in Education conference, University of British Columbia, Vancouver, Canada.

Young-Loveridge, J., Bicknell, B., & Lelieveld, J. (2014, May). Strengthening place value: Using multiplication and division contexts with
young children. Paper presented at the Primary Mathematics Association One Day Seminar, Waipuna Conference Centre, Auckland.

Young-Loveridge, J., Bicknell, B., & Lelieveld, J. (2014, May). Strengthening place value: Using multiplication and division contexts with
young children. Paper presented at the Waikato Mathematics Symposium, Melville Intermediate School.

Young-Loveridge, J., & Bicknell, B. (2014, May). Using multiplication and division contexts to enhance part-whole thinking in mathematics.
Paper presented at the Technology, Environmental, Mathematics & Science (TEMS) Education Research Centre Autumn Seminar Series,
University of Waikato. Hamilton, New Zealand.

2013 Conference presentations and workshops

Young-Loveridge, J. (2013, September). Using multiplication and division contexts with young children: Crossing the boundary from
counting to part—whole processes. Invited keynote address to the National Conference of Mathematics Education Ireland (MEI5). St
Patricks College, Drumcondra, Dublin City University, Dublin, Ireland.

Young-Loveridge, J. (2013, August). Using multiplication and division tasks to support young children’s part-whole thinking in mathematics.
Invited keynote address to the International Symposium for Elementary Mathematics Teaching (SEMT), Charles University, Prague, Czech
Republic.

Young-Loveridge, J., & Bicknell, B. (2013, September). Using multiplication and division contexts with young children to enhance their
appreciation of number properties. Invited Address at King's College London, London, England.

Television interview 2013

Young-Loveridge, B., & Bicknell, B. (2013). Television interview with Hillary Entwistle about research on multiplication and division with
young children. Aired on TV Central (Channel 30), 9 May at 7.55pm and 10.55pm.
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Appendix A

2013 Results (Years 1 and 2) Initial%  Final% Final-Initial Final/Initial

n=34 n=34 % Diff Ratio
Age)
youngest in yrs 5.59 6.27
oldest in yrs 6.93 7.55
Average Age in yrs 6.19 6.81
SD 0.35 0.35
Addition/Subtraction Strategy
3+4 74 79 6 1.1
3+4 by Counting All 32 18 -15 0.5
by Counting On or Skip Counting 24 29 6 1.3
by Basic Facts or Derived Facts 18 32 15 1.8
8+5 32 68 35 2.1
548 by Counting All 6 9 3 1.5
by Counting On 24 38 15 1.6
by Basic Facts or Derived Facts 3 21 18 7.0
14-5 21 53 32 2.6
14-9 by Counting All 0 3 3
by Counting Back 18 29 12 1.7
by Basic Facts or Derived Facts 3 18 15 6.0
Multiplication Strategy
6 x 2 kete with shells 68 91 24 1.3
6x2 by Counting All 29 6 -24 0.2
by Skip Counting/Repeated Addition 32 79 47 2.5
by Basic Facts or Derived Facts 6 6 0 1.0
4x5 monkeys with bananas 47 91 44 1.9
4x5 by Counting All 29 9 =21 0.3
by Skip Counting &/or Counting On 12 59 47 5.0
by Basic Facts or Derived Facts 6 24 18 4.0
3x10 rows of cupcakes 32 85 53 2.6
3x10 Counting All 6 6 0 1.0
by Skip Counting &/or Counting On 24 56 32 2.4
by Basic Facts or Derived Facts 3 24 21 8.0
Division
half 4 beans 66 100 34 L5
half 8 beans 61 97 37 1.6
10+2 (pairs of socks) 24 74 50 3.1
8+4 (pieces of chocolate) 47 88 41 1.9
Known Facts
Doubles
1+1 97 100 3 1.0
545 91 94 3 1.0
242 85 94 9 1.1
343 68 88 21 1.3
4+4 50 88 38 1.8
10+10 53 85 32 1.6
6+6 12 47 35 4.0
9+9 6 26 21 4.5
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2013 Results (Years 1 and 2) Initial%  Final% Final-Initial Final/Initial

n=34 n=34 % Diff Ratio
8+8 3 24 21 8.0
7+7 3 26 24 9.0
Plus One
241 68 85 18 1.3
1+4 47 79 32 1.7
1+9 47 74 26 1.6
Subtraction (half)
4-2 29 59 29 2.0
8-4 9 50 41 5.7
10-5 35 79 44 2.3
Doubles plus/minus one
2+3 26 53 26 2.0
5+4 18 50 32 2.8
546 6 32 26 55
Combinations making Ten
446 6 15 9 2.5
742=10 6 44 38 7.5
2+8 12 59 47 5.0
Place Value for -ty and -teen
2047 24 62 38 2.6
10+8 21 53 32 2.6
2x10 12 18 6 1.5
3x10 6 18 12 3.0
4x10 6 15 9 2.5
Multiplication Facts
25 15 18 3 1.2
8x5 3 6 3 2.0
5x7 3 3 0 1.0
Division Facts
8+2 6 9 3 1.5
10+2 0 9 9
12+4 0 3 3
12+2 0 6 6
20+5 0 6 6
10+5 0 6 6
Incrementing by Tens
5+10 dot strips 74 85 12 1.2
5+10 by Counting All 35 9 -26 0.3
by Counting On or Skip Counting 24 26 3 1.1
by Basic Facts 24 50 26 2.1
15+10 dot strips 24 53 29 2.3
15+10 by Counting All 0 3 3
by Counting On or Skip Counting 6 6 0 1.0
by Basic Facts 18 44 26 2.5
25+10 dot strips 21 50 29 2.4
25+10 by Counting All 3 0 -3 0.0
by Counting On or Skip Counting 0 9 9
by Basic Facts 18 41 24 2.3
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2013 Results (Years 1 and 2) Initial%  Final% Final-Initial Final/Initial

n=34 n=34 % Diff Ratio
Place Value
10s in 80 12 59 47 5.0
10s in 80 Knew fact 0 0 0
10s in 80 Skip counting 0 3 3
10s in 80 Remove zero 0 24 24
10s in 80 Guessed 0 0 0
Ts in 240 12 32 21 2.8
Number-word Sequences
by ones to 100 or higher 53 91 38 1.7
by twos to 100 6 50 44 8.5
by tens to 100 44 85 41 1.9
by fives to 100 26 62 35 2.3
Number-word sequence backwards
Backwards from 20 29 53 24 1.8
Backwards from 10 88 91 3 1.0
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2014 (Years 1 to 3) % Y1l Y1 Y2 Y2 Y3 Y3 Y1-3 Y1-3

Initial Final % | Initial Final % | Initial Final % Initial Final %
Tasks n=35 n=35 Diff | n=24 n=24 Diff | =25 n=25 Diff | n=84 n-84 Diff
youngest in yrs 501 542 6.03  6.54 6.68 7.17 5.01 5.42
oldest in yrs 582  6.34 6.85 7.35 7.88  8.36 7.88 8.36
Average Age in yrs 545 594 6.43 695 728 776 6.27 6.77
SD 0.26 027 027 027 0.29  0.30 0.82 0.82
Addition/Subtraction Strategy
3+4 37 80 43 | 67 71 4 88 92 4 61 81 20
by Counting All 17 37 20 | 33 25 -8 32 16 -16 26 27 1
by Counting On or Skip Counting 9 31 23 17 21 4 24 36 12 15 30 14
by Known or Derived Facts 11 11 0 17 25 8 32 40 8 19 24 5
23+4 6 23 17 | 25 42 17 | 36 76 40 20 44 24
by Counting On or Skip Counting 6 14 9 21 17 -4 16 12 -4 13 14 1
by Known or Derived Facts 0 9 9 4 25 21 | 20 64 u 7 30 23
8+5 6 31 26 | 25 42 17| 60 76 16 27 48 20
by Counting All 0 9 9 4 4 0 8 0 -8 4 5 1
by Counting On 6 23 17 | 13 33 21 | 36 40 4 17 31 14
by Known or Derived Facts 0 0 0 8 4 -4 16 36 20 7 12 5
14-5 6 11 6 25 29 4 40 76 36 21 36 14
by Counting Back 3 11 9 17 13 4 | 24 48 24 13 23 10
by Known or Derived Facts 3 0 -3 8 17 8 16 28 12 8 13 5
42+ 30 (Derived Facts) 0 3 3 4 8 4 8 48 40 4 18 14
37-9 0 3 3 0 4 4 12 40 28 4 14 1
by Counting back 0 3 3 0 4 4 0 28 28 0 11 bl
by Derived Facts 0 0 0 0 0 0 12 12 0 4 4 0
Multiplication Strategy
6 X 2 Kete with shells 23 86 63 71 88 17 84 100 16 55 90 36
6x2 by Counting All 17 34 17 33 21 -13 | 24 4 -20 24 21 -2
by Skip Counting/Repeated Addition 6 46 40 38 58 21 56 76 20 30 58 29
by Known or Derived Facts 0 6 6 0 8 8 4 20 16 1 11 10
4x5 monkeys with bananas 23 63 40 54 88 33 76 100 24 48 81 33
4x5 by Counting All 17 11 6 | 21 25 4 12 4 -8 17 13 -4
by Skip Counting/Repeated Addition 3 34 31 25 33 8 56 20 -36 25 30 5
by Known or Derived Facts 3 17 14 8 29 21 8 76 68 6 38 32
3x10 rows of cupcakes 31 66 34| 46 83 38 | 60 92 32 44 79 35
3x10 Counting All 14 14 0 21 25 4 4 4 0 13 14 1
by Skip Counting &/or Counting On 17 43 26 17 42 25 36 52 16 23 45 23
by Known or Derived Facts 0 9 9 8 17 8 16 36 20 7 19 12
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Initial Final % Initial  Final % Initial ~ Final % Initial Final %

Tasks n=35 n=35 Diff | n=24 n=24 Diff | n=25 n=25 Diff n=84 n=84  Diff
Division

Division 30 cakes into boxes of 5 9 63 54 17 58 42 44 84 40 21 68 46
half 4 beans 49 80 31 88 92 4 88 100 12 71 89 18
half 8 beans 43 66 23 67 79 13 84 100 16 62 80 18
half of 20 9 34 26 | 38 42 4 56 76 20 31 49 18
half of 100 0 20 20 17 33 17 | 40 68 28 17 38 21
1042 (pairs of socks) 26 46 20 50 71 21 72 88 16 46 65 19
8+4 (pieces of chocolate) 40 66 26 63 67 4 88 92 4 61 74 13
60 + 10 (sticks) (also PV) 0 9 9 13 25 13 24 60 36 11 29 18
Known Facts

Doubles

141 69 100 31 [ 100 100 o | 100 100 o 87 100 13
545 40 94 54 | 75 92 17 1 96 100 4 67 95 29
242 43 94 51 71 88 17 | 92 100 & 65 94 29
343 31 83 51 | 58 67 8 92 100 & 57 83 26
4+4 29 80 51 50 71 21 84 92 8 51 81 30
10+10 26 80 54 | 54 79 25 88 100 12 52 86 33
6+6 9 51 43 | 29 38 8 56 76 20 29 55 26
9+9 0 20 29 8 17 8 36 44 8 13 30 17
8+8 0 29 29 8 21 13 24 36 12 10 29 19
747 0 31 31 4 17 13 36 40 4 12 30 18

Doubles plus/minus one

243 6 40 34 | 29 42 13 68 80 12 31 52 21
4+3 0 26 26 8 29 21 24 44 20 10 32 23
5+4 3 26 23 | 33 25 -8 60 60 0 29 36 7
546 0 14 14 8 13 4 28 40 12 11 21 11
Plus one/two

241 31 71 40 | 46 75 29 | 84 100 16 51 81 30
341 20 60 40 | 42 63 21 76 100 24 43 73 30
1+4 20 51 31 46 63 17 | 72 88 16 43 65 23
1+9 17 54 37| 46 58 13 76 88 12 43 65 23
5+2 3 46 43 | 21 58 38 | 60 80 20 25 60 35
Subtraction (half)

4-2 0 29 29| 21 42 21 | 68 76 8 26 46 20
8-4 0 29 29 21 42 21 44 60 16 19 42 23
10-5 3 40 37 | 33 54 21 72 84 12 32 57 25
Combinations making Ten

4+6 0 11 11 8 21 13 24 40 16 10 23 13
7+2=10 0 26 26 13 17 4 40 64 24 15 35 19
2+8 3 31 29 | 21 33 13 52 68 16 23 43 20

Place Value for -ty and -teen

2047 6 46 40 | 33 46 13 | 56 88 32 29 58 30
1048 3 46 43 38 38 0 64 84 20 31 55 24
2x10 0 11 11 13 21 8 24 60 36 11 29 18
3x10 0 11 11 13 17 4 12 60 48 7 27 20
4x10 0 11 11 13 21 8 12 60 48 7 29 21
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Initial  Final % | Initial Final % | Initial Final % Initial Final %
Tasks n=35 n=35 Diff | n=24 n=24 Diff | n=25 n=25 Diff n=84 n=84  Diff
Multiplication Facts
x5 0 14 14 8 25 17|24 56 32 10 30 20
8x5 0 0 0 0 0 0 4 12 8 | 4 2
5x7 0 0 0 0 0 0 4 12 8 1 4 2
Division Facts
8+2 0 3 3 0 0 0 8 24 16 2 8 6
84 0 3 3 0 0 0 4 12 8 | 5 4
10+2 0 6 6 4 17 13 12 24 12 5 14 10
12+4 0 0 0 0 0 0 0 8 8 0 2 2
12+2 0 3 3 0 4 4 4 16 12 1 7 6
20+5 0 3 3 0 0 0 0 16 16 0 6 6
10+5 0 0 0 0 0 0 4 20 16 1 6 5
Division by Ten
60+ 10 0 0 0 0 4 4 8 40 32 2 13 11
80+ 10 0 0 0 0 4 4 4 40 36 1 13 12
100+ 10 0 0 0 0 4 4 8 28 20 2 10 7
200+ 10 0 0 0 0 0 0 0 28 28 0 8 8
240+ 10 0 0 0 0 0 0 0 24 24 0 7 7
17+10 0 0 0 0 0 0 0 24 24 0 7 7
23+10 0 0 0 0 0 0 0 28 28 0 8 8
104+ 10 0 0 0 0 0 0 0 20 20 0 6 6
Place Value
Incrementing by Tens
5+10 dot strips 3 74 71 63 54 -8 92 84 -8 46 71 25
5+10 by Counting All 3 29 26 29 29 0 28 0 -28 18 20 2
by Counting On or Skip Counting 0 14 14 4 0 -4 4 12 8 2 10 7
by Known Facts 0 31 31 |29 25 -4 | 60 72 12 26 42 15
15+10 dot strips (known fact) 0 31 31 21 25 4 48 72 24 20 42 21
25+10 dot strips (known fact) 0 31 31 17 25 8 48 72 24 19 42 23
$10s in $80 0 11 11 13 38 25 [ 56 64 8 20 35 14
10s in 80 Knew Fact 0 3 3 8 33 25 8 20 12 5 17 12
10s in 80 Remove Zero 0 9 17 13 | 28 44 16 10 21 12
10s in 80 Skip Counting 0 0 0 0 0 0 20 0 -20 6 0 -6
$10s in $240 0 3 3 0 4 4 12 40 28 4 14 11
$100s in $1,600 0 0 0 0 4 4 8 20 12 2 7 5
60+ 10 (sticks) 0 9 9 1325 13|24 60 36 11 29 18
10s in 60 Knew Fact 0 3 3 8 13 4 12 28 16 6 13 7
10s in 60 Remove Zero 0 3 3 0 8 32 24 12 8
10s in 60 Skip Counting 0 3 3 0 8 8 0 4 1 4 2
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Initial Final % Initial  Final % Initial ~ Final % Initial Final %
Tasks n=35 n=35 Diff | n=24 n=24 Diff | n=25 n=25 Diff n=84 n=84  Diff
Place Value contd.
23 + 10 quotitive 0 20 20 8 29 21 20 76 56 8 39 31
Draw ten-frame 0 54 54 4 50 46 | 28 96 68 10 65 56
Quantify 24 boxes * 0 89 89 25 92 67 64 100 36 26 93 67
Count All 24 boxes 0 60 60 17 54 38 8 20 12 7 46 39
Skip Counting 0 9 9 0 21 21 16 8 -8 5 12 7
Derived Facts using Tens 0 20 20 4 17 13 40 72 32 13 35 21
Write 24 * 0 89 89 | 29 88 58 72 9% 24 30 90 61
Connect 4 with 4 boxes * 0 71 71 17 67 50 72 88 16 26 75 49
Connect 2 with 2 tens * 0 20 20 8 33 25 | 4 76 32 15 40 25
31 beads by tens 0 26 26 17 38 21 | 52 76 24 20 44 24
$31 using $10 notes 0 20 20 | 21 38 17 | 44 88 44 19 45 26
Number-word Sequences
by ones to 100 or higher 31 74 43 50 96 46 52 9% w4 43 87 44
by twos to 100 or higher 0 29 29 8 29 21 28 76 48 11 43 32
by tens to 100 or higher 17 60 43 38 54 17 48 96 48 32 69 37
by tens to 200 0 3 3 4 25 21 24 56 32 8 25 17
by fives to 100 3 49 46 | 33 58 25 | 60 92 32 29 64 36
One More Than
2 71 97 26 75 96 21 9% 100 « 80 98 18
5 60 8 2 | 79 92 13| 96 96 0 76 90 4
9 57 83 26 75 92 171 96 100 4 74 90 17
12 43 77 34 67 79 13 88 96 8 63 83 20
19 34 71 37 | 54 83 29 84 96 12 55 82 27
29 20 57 371 50 79 29 80 96 16 46 75 29
46 17 57 40 58 79 21 80 96 16 48 75 27
69 14 46 31 46 71 25 80 96 16 43 68 25
99 20 57 37 | 58 83 25 80 96 16 49 76 27
139 9 20 11 25 29 4 56 68 12 27 37 10
899 0 9 9 8 25 17 1 28 60 32 11 29 18
One Less Than
2 43 80 37| 46 92 46 | 92 100 16 58 89 31
5 43 74 31 54 83 29 88 100 12 60 85 25
9 29 71 43 | 50 83 33 | 84 100 32 51 83 32
1 26 54 29 54 79 25 84 96 12 51 74 23
16 11 54 43 46 79 33 80 96 16 42 74 32
20 11 54 43 42 67 25 76 96 20 39 70 31
31 3 37 34 | 25 50 25| 36 80 44 19 54 35
70 6 31 26 | 21 46 25 | 48 96 48 23 55 32
100 9 49 40 | 38 63 25 | 72 96 24 36 67 31
600 0 11 11 8 25 17 | 36 56 20 13 29 15
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Initial  Final % | Initial Final % | Initial Final % Initial Final %
Tasks n=35 n=35 Diff | n=24 n=24 Diff | n=25 n=25 Diff n=84 n=84  Diff
Subitise
3 97 100 3 [ 100 96 -4« | 100 100 o 99 99 0
5 80 97 17| 96 100 « 9% 100 « 89 99 10
4 (dice) 80 97 17| 96 100 4« | 100 100 o 90 99 8
4 (tine) 46 86 40 | 54 75 21 | 84 100 16 60 87 27
6 60 94 34|18 9% 13 ]9 100 « 77 96 19
8 (Ten-frame) 17 57 40 | 38 71 33|52 92 4 33 71 38
102 x5 dice) 34 91 57167 92 25 ] 92 96 4 61 93 32
10 (Ten-frame) 51 94 43 | 54 75 21 | 96 96 0 65 89 24
13 (Ten-frame & singletons) 6 51 46 | 33 54 21 | 68 96 28 32 65 33
20 (2 Ten-frames) 14 77 63 42 67 25 68 96 28 38 80 42
23 (Ten-frames & singletons) 6 51 46 29 46 17 44 92 48 24 62 38
30 (3 Ten-frames) 0 54 54 25 58 33 68 96 28 27 68 40
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Appendix C

2013 (Y1 & Y2)n=34 Initial Final ES

Task Types Mean SD Mean sSD  Diff t SD prob  diff/SD Sig
Add/Sub Problem-solving Strategies 2.36 246 491 361 255 6.61 223 0.000 1.14 **
Mutiplication Problem-solving Strategies 2.48 218 574 216 325 852 223 0.000 146 **
Division problem-solving Strategies 221 125 591 190 3.70 1494 145 0.000 256 **
Known Facts 8.41 621 1724 1025 883 875 588 0.000 1.50 **
Tens Awareness 2.76 3.21 974 664 0697 888 458 0.000 1.52  **
Skip Counting 1.38 172 421 241 282 770 214 0.000 1.32 **
Structure tasks 12.15 228 1415 123 2.00 801 146 0.000 137 **
2014 (Y1,Y2, & Y3) n=84 Initial Final ES

Task Types Mean SD Mean sD  Diff t SD prob  diff/SD Sig
Add/Sub Problem-solving Strategies 2.93 415 548 539 255 7.06 331 0000 0.77 *
Mutiplication Problem-solving Strategies 2.48 238 519 266 271 11.89 2.09 0.000 1.30 **
Division problem-solving Strategies 3.20 235 492 253 172 958 1.64 0.000 1.05 **
Known Addition Facts 8.31 735 1374 669 543 1075 4.63 0.000 1.17 **
Known Subtraction, Mult/Div Facts 1.31 274 3.14 402 1.83 7.14 235 0.000 0.78 *
Tens Awareness 6.14 745 1376 1050 7.62 1226 570  0.000 1.34 **
Skip Counting 1.61 215 379 263 218 948 211 0.000 1.03 **
Structure tasks 11.79 305 13.65 18 1.87 743 231 0.000 081 *
Number Line Placements 6.50 318 7.21 288 0.71 1.85 3,55 0.069 0.20

One More Than 5.71 400 804 324 233 634 336 0.000 069 *
One Less Than 3.92 383 6.79 352 287 845 3.1 0.000 092 *
Subitising 6.96 335 10.08 266 3.12 10.68 2.68 0.000 1.17 **

* Effect Size (ES) is greater than 0.60, signifying excellent progress for one year of schooling (Hattie, 2009)

** Effect size is greater than one standard deviation, signifying an acceleration of at least two to three years of education
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2014 Year 2

Project (n=10)

Contrast (n=24)

Task Types Mean SD Mean SD  Diff t  prob ES Sig
One More Than 7.80  3.05 525 401 255 2.02 0.082 0.70
One Less Than 6.20 352 3.13 38 308 2.15 0.039 0.84 *
Subitising 9.90 2.03 6.46 330 3.44 3.05 0.005 1.18 **
Add/Sub Problem-solving Strategies 1.70 149 1.21 132 049 095 0.347 0.37
Mutiplication Problem-solving Strategies 2.50 085 1.50 122 100 273 0.012 091 *
Division problem-solving Strategies 4.80 235 3.00 211 180 220 0.035 0.85 *
Known Addition Facts 10.00 6.60 721 658 279 1.13 0.268 0.44
Known Subtraction, Mult/Div Facts 1.60 2.17 0.88 209 0.73 091 0.369 0.36
Tens Awareness 10.40 5.60 458 655 582 245 0.020 0.95 *
Counting Forward & Back in Tens 1.10 057 033 o057 0.77 3.60 0.001 1.39 **
Subitising Ten-frames 3.50 135 1.50 198 2.00 291 0.006 1.13 **
Skip Counting 4.00 1.69 2.63 192 [.38§ 152 0.151 0.76
Structure tasks 13.20 2.10 11.22 219 1.98 2.46 0.024 0.94 *
Number Line Placements 4.56 235 4.63 2358 0.07 0.07 0.942 0.03
2014 Year 3 Project (n=24) Contrast (n=19)

Task Types Mean SD Mean SD Diff t prob ES Sig
One More Than 9.08 265 821 378 087 085 0.400 0.28
One Less Than 8.00 2.66 6.53 391 147 146 0.155 0.46
Subitising 10.88 1.45 9.37 248 151 235 0.026 0.79 *
Add/Sub Problem-solving Strategies 3.08 1.77 2.68 177 040 0.74 0.466 0.23
Mutiplication Problem-solving Strategies 2.71 075 2.11 094 0.60 235 0.024 0.73 *
Division problem-solving Strategies 6.00 2.19 484 214 116 1.74 0.089 0.55
Known Addition Facts 1575 522 1511 654 065 036 0.721 0.11
Known Subtraction, Mult/Div Facts 450 4.10 2.89 374 1.61 1.33 0.192 0.42
Tens Awareness 17.54 8.09 1242 828 5.12 2.04 0.048 0.64 *
Counting Forward & Back in Tens 1.71  1.00 1.26 120 0.45 133 0.191 0.42
Subitising Ten-frames 4.29 096 326 176 1.03 230 0.030 0.77 *
Skip Counting 594 1.09 5.00 221 094 126 0.233 0.53
Structure tasks 1433 181 1442 187 0.09 0.16 0.878 0.05
Number Line Placements 2.58 177 256 266 0.03 0.04 0970 0.01
PAT Raw Score 13.92 741 1511 624 -1.19 0.56 0579 -0.18

* Effect Size (ES) is greater than 0.60, signifying excellent progress for one year of schooling (Hattie, 2009)

** Effect size is greater than one standard deviation, signifying an acceleration of at least two to three years of education
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